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We study the collective dynamics of the Skyrmion crystal (SkX) in thin films of ferromagnetic
metals resulting from the nontrivial Skyrmion topology. It is shown that the current-driven motion
of the crystal reduces the topological Hall effect and the Skyrmion trajectories bend away from the
direction of the electric current (the Skyrmion Hall effect). We find a new dissipation mechanism
in non-collinear spin textures that can lead to a much faster spin relaxation than Gilbert damping,
calculate the dispersion of phonons in the SkX, and discuss effects of impurity pinning of Skyrmions.
PACS numbers: 73.43.Cd,72.25.-b,72.80.-r
Introduction: Skyrmion is a topologically nontrivial
soliton solution of the nonlinear sigma model. It was
noted early on that Skyrmions in three spatial dimen-
sions have physical properties of baryons and the peri-
odic Skyrmion crystal (SkX) configurations were used to
model nuclear matter[1, 2]. Skyrmions in two spatial
dimensions play an important role in condensed matter
systems, such as quantum Hall ferromagnets[3, 4]. It
was suggested that SkX configurations can be stabilized
by the Dzyaloshinskii-Moriya (DM) interaction in ferro-
magnets without inversion symmetry[5]. Such a state was
recently observed in a neutron scattering experiment in
the A-phase of the ferromagnetic metal MnSi[6].
Recent Monte Carlo simulations indicated much
greater stability of the SkX when a bulk ferromagnet is
replaced by a thin film[7]. This result was corroborated
by the real-space observation of SkX in Fe0.5Co0.5Si thin
film in a wide magnetic field and temperature range[8].
Lorentz force microscopy showed that Skyrmions form a
triangular lattice with the magnetization vector antipar-
allel to the applied magnetic field in the Skyrmion center
and parallel at the periphery, as was also concluded from
the neutron experiment[6].
The next important step is to explore dynamics of
Skyrmion crystals and the ways to control them in anal-
ogy to the actively studied current- and field-driven mo-
tion of ferromagnetic domain walls[9]. Recent observa-
tion of the rotational motion of the SkX in MnSi suggests
that Skyrmions can be manipulated by much smaller cur-
rents than domain walls[10].
In this Letter we study the coupled dynamics of spins
and charges in the SkX, focusing on effects of the non-
∗Electronic address: jdzang@fudan.edu.cn
†Electronic address: nagaosa@ap.t.u-tokyo.ac.jp
trivial Skyrmion topology and effective gauge fields in-
duced by the adiabatic motion of electrons in the SkX.
We derive equation of motion for the collective vari-
ables describing the SkX, calculate its phonon disper-
sion, and discuss a new form of damping, which can be
the dominant spin-relaxation mechanism in half-metals.
In addition, we consider new transport phenomena, such
as the topological Hall effect in a sliding SkX and the
Skyrmion Hall effect. We also discuss the Skyrmion pin-
ning by charged impurities and estimate the critical cur-
rent above which the SkX begins to slide.
Low-energy excitations in Skyrmion crystal: An iso-
lated Skyrmion has two zero modes corresponding to
translations along the x and y directions. Since an ap-
plied magnetic field opens a gap in the continuum of spin-
wave excitations, the low-energy magnetic modes in SkX
are expected to be superpositions of the Skyrmion dis-
placements, or the phonons. The phonon modes, as well
as the coupling of Skyrmion displacements to the external
current, can be consistently described in the framework
of elasticity theory.
We begin with the spin Hamiltonian HS =∫
d3x
[
J
2a (∇n)2 + Da2n · [∇× n]− µa3H · n
]
, where J is
the exchange constant and D is the DM coupling that
stabilizes the SkX configuration n(x) in some interval of
the magnetic field H = Hzˆ[5, 11]. We calculate the ‘har-
monic lattice energy’ by considering a deformation of the
SkX, n˜(x, t) = n(x − u(x, t)), where the collective coor-
dinate u(x, t) varies slowly at the scale of the SkX lattice
constant. The result is:
HS = dηJ
∫
d2x
ξ2
[(∇ux)2 + (∇uy)2], (1)
where d is the film thickness and ξ ∼ a JD is the
characteristic length scale of SkX[11], with a being
2the lattice spacing. The dimensionless quantity η =
1
8pi
∫
uc
d2x (∂in · ∂in) encodes the information about D
and H , and is called shape factor in what follows.
When an electron current is flowing through the metal-
lic film, the conduction electrons interact with local mag-
netic moments through the Hund’s rule coupling HH =
−JHSψ†σ · nψ, where ψ is the electron operator. In
the case of small current density and the Skyrmion size
much larger than the Fermi wavelength of conduction
electrons, one can apply the adiabatic approximation in
which the electron spins align perfectly with the local
moment. ψ is projected into the fully polarized state by
ψ = χ|n〉 with σ · n|n〉 =|n〉. Then the electron action
Sel =
∫
dtd3x[ih¯ψ†ψ˙+ h¯
2
2mψ
†∇2ψ+ JHSψ†σ ·nψ] can be
rewritten as Sel =
∫
dtd3x[ih¯χ†χ˙ − ea0 − 12mχ†(−ih¯∇−
e
ca)
2
χ + JHSχ
†χ], where aµ= h¯c2e (1 − cos θ)∂µϕ with θ
and ϕ being the spherical angles describing the direc-
tion of the local magnetization[12, 13]. The gauge po-
tential aµ gives rise to internal electric and magnetic
fields, e and h, acting on spin-polarized electrons pass-
ing through the SkX in analogy with the electromag-
netic gauge field. Crucially, the internal magnetic field
b = ∇ × a = h¯c2e (n · ∂xn× ∂yn) zˆ is intimately re-
lated to the topological charge Q of Skyrmions by[14]
Q = 14pi
∫
uc
d2x (n · ∂xn× ∂yn) = ±1, where the integra-
tion goes over the unit cell of the SkX. In the language
of internal gauge field, this topological feature is nothing
but the quantization of internal flux Ω =
∫
h · dS in units
of hc/e. The coupling of the electric current to the inter-
nal gauge field induced by the SkX, Hint = − 1c
∫
d3xj ·a,
has a simple form in terms of the collective coordinates
introduced above:
Hint = d
h¯Q
e
∫
d2x
ξ2
(uxjy − uyjx). (2)
The crucial difference between the SkX and a con-
ventional crystal is the form of kinetic energy. The
spin dynamics originates from the Berry phase action,
SBP =
d
γ
∫
dtd2x(cos θ − 1)ϕ˙. Here, γ = a3h¯(S+x/2) , where
x is the filling of the conduction band, and S+x/2 is the
total spin averagely per lattice site. In terms of u the
kinetic energy has the form
SBP =
dQ
γ
∫
dt
d2x
ξ2
(uxu˙y − uyu˙x). (3)
This form of the Berry phase shows that the collec-
tive variables ux and uy describing local displacements
of Skyrmions form a pair of canonical conjugate vari-
ables, replacing cos θ and ϕ. This characteristic prop-
erty of SkX leads to several unusual responses to ap-
plied electric currents and fields. It originates from
the Skyrmion topology and distinguishes SkX from non-
topological spin textures such as spirals and domain wall
arrays.
Using Eqs.(1), (2) and (3), we obtain equation of mo-
tion for u:
u˙ = −eh¯γ
2
j+Q
γηJ
eh¯
zˆ×∇2u. (4)
Two consequences follow immediately. First, the dis-
persion of phonons in the SkX obtained from Eq.(4) is
quadratic,
h¯ω =
ηJa2
(S + x2 )
k2, (5)
in contrast to the linear phonon dispersion in usual crys-
tals and similar to the dispersion of magnons in a uniform
ferromagnet. Since ux and uy play the role of the coor-
dinate and momentum, the longitudinal and transverse
phonon modes in the SkX merge into a single mode cor-
responding to the rotational motion of Skyrmions, which
leads to the quadratic dispersion. Secondly, the SkX can
move as a whole driven by the charge current j, with a
velocity V‖= u˙ =− eh¯γ2 j. This rigid motion of SkX leads
to several interesting results discussed below.
Hall effect due to SkX motion: In such nontrivial spin
textures, the external magnetic field (less than 0.2T for
MnSi) is more than one order of magnitude smaller than
the internal one, so that it would be neglected in what
follows. As can be seen from Eq. (2), the collective
coordinates ux and uy play the role of electromagnetic
gauge potentials Ay and −Ax, respectively. It is thus
expected that the temporal variation of u induced by
the current leads to a transverse potential drop. This
Hall-type effect can also be intuitively understood using
the internal magnetic field b introduced above. A moving
spin texture n(x−V‖t) induces an internal electric field
e analogous to the electric field of a moving magnetic
flux and related to the internal magnetic field by e =
− 1c
[
V‖ × b
]
. For SkX with b = bz zˆ, this electric field
generates an electric current in the direction transverse
to V‖ resulting in the Hall conductivity:
∆σxy
σxx
≈ − x
2S + x
e〈bz〉τ
mc
, (6)
where m is the electron mass and τ is the relaxation
time. The average internal magnetic field is 〈bz〉 = QΦ02piξ2 ,
where Φ0 is the elementary flux and 2piξ
2 is the area of
the unit cell of the SkX. This Hall conductivity has the
same order of magnitude as the one resulting from the so-
called topological Hall effect observed in a static SkX[15].
The latter effect is nothing but the Hall effect induced
by b via e = 1c [v × b], and σTopxy /σxx ≈ e〈bz〉τ/mc,
where v is the electron velocity. Our new effect differs
by the factor of − x2S+x from the topological Hall effect.
Its physical origin can be easily understood by noting
the total force acting on a single conduction electron is
F = − ec [(v − V‖) × b], i.e. the Lorentz force on elec-
trons due to the internal magnetic field of the SkX de-
pends on the relative velocity of electrons and Skyrmions.
When the SkX begins to slide above the threshold elec-
tric current jc[16], the net topological Hall voltage will
be suddenly reduced by the factor 2S2S+x , which is how
the effect of the spin-motive force and the collective shift
of Skyrmions can be identified experimentally.
New damping mechanism and Skyrmion Hall effect:
Previously we have systematically discussed the novel
3effects related to the internal magnetic field. A natu-
ral question thus arises as to whether there is any new
phenomena associated with the intrinsic internal electric
field, which is ei = −∂ia0 − 1c a˙i = h¯2e (n · ∂in× n˙). Due
to the time derivative in this expression, its effect is ab-
sent in the static spin texture. However, in the present
case, the motion of SkX makes it nonvanishing, and leads
to an additional current j′ by j′ = σewith σ the con-
ductivity of electrons. Substituting this current into the
Landau-Lifshitz-Gilbert equation[12, 13]
n˙ =
h¯γ
2e
[j ·∇]n− γ
[
n× δHS
δn
]
+ α [n˙× n] , (7)
the time derivative n˙ receives a correction given by
δn˙ =
h¯γσ
2e
(e ·∇)n = α′ (n · ∂in× n˙) ∂in. (8)
The corresponding dimensionless damping constant is
α′ = 1(2S+x)
a3σ
αfsξ2c
, where αfs ≈ 1/137 is the fine struc-
ture constant. The time derivative in the r.h.s. of Eq.(8)
shows that the current induced by internal electric field
leads to dissipation. In contrast to Gilbert damping this
new mechanism does not require relativistic effects and
only involves the Hund’s rule coupling that conserves the
total spin. The relaxation of the uniform magnetization,
described by Gilbert damping, is clearly impossible with-
out the spin-orbit coupling, which breaks the conserva-
tion of the total spin[17]. This argument, however, does
not apply to inhomogeneous magnetic textures where the
breaking of the rotational symmetry by noncollinear spin
orders enables the relaxation without the spin-orbit cou-
pling (note that α′ vanishes as ξ → ∞). Despite the
non-relativistic origin, α′ depends on the DM coupling,
as the latter determines the Skyrmion size. Estimates of
α′ made below show that in half-metals it can greatly
exceed α.
The effect of this new dissipation can be observed by
tracing the trajectory of Skyrmion motion. Including the
new dissipation term, the modified equation of motion (4)
for the rigid collective coordinates u(t) has the form
u˙ = −eh¯γ
2
j−Q (αη + α′η′) zˆ× u˙, (9)
where the second shape factor η′ is given by η′ =
Q
4pi
∫
uc
d2x (n · ∂xn× ∂yn) (∂in · ∂in) /
∫
uc
d2x (∂in · ∂in).
The new dissipation term in Eq.(9) is obtained by mul-
tiplying Eq.(8) with ∂jn, using n˙ = −(u˙ · ∇)n, and
integrating over one unit cell. The whole damping term
leads to a transverse motion with velocity
V⊥ ≈ Q(αη + α′η′)
[
V‖ × zˆ
]
. (10)
This Skyrmion Hall effect can be observed by real-space
images of Lorentz force microscopy. The corresponding
Hall angle is θ = arctan(αη + α′η′). The estimate given
below shows that main contribution to θ comes from the
new dissipation mechanism.
Pinning of Skyrmion crystal: Next we consider the
pinning of the SkX by charged impurities. The pinning
results from spatial fluctuations of the impurity density
and variations of the spin direction in the SkX. Variations
of the density of charged impurities δni give rise to local
variations of the electron density ne and since the double
exchange constant J is proportional to the latter, we have
δJ ∼ Jδni/ne. The energy per Skyrmion ES ∼ Jd/a.
Denote the number of impurities in this volume by N1
with 〈N1〉 = ni2piξ2d and the variance δN1 =
√
N1, we
obtain the typical variation of the Skyrmion energy:
V1 = δJ
d
a
∼ J
ne2piξ2a
√
N1 =
J
neaξ
√
nid
2pi
. (11)
The potential energy density is then V0 = V1/(2piξ
2).
Substituting ni ∼ (la2)−1, where l is the electron mean
free path, and ne =
x
a3 , we obtainV0 ∼ J(2pi)3/2x
√
d
l
a
ξ3 .
The pinning regime of the whole SkX depends on the ra-
tio of the pinning energy V1 and the elastic energy ES of a
single Skyrmion[18]. Let L2 be the number of Skyrmions
in the domain where u ∼ ξ. The energy gain due to
the impurity pinning in the domain is ∼ −V1L, while
the elastic energy cost ∼ Jda is independent of the do-
main size. Minimizing the total energy per Skyrmion,
Jd
aL2 − V1L , we obtain L ∼ JdaV1 . L≫ 1 corresponds to the
case of weak (or collective) pinning of SkX, while L ∼ 1
corresponds to the strong pinning regime.
The pinning potential gives rise to the spin transfer
torque −Qγξ22d
[
zˆ× δVδu
]
in the right-hand side of Eq.(4).
In the steady state of moving SkX this torque has to be
compensated by the interaction with the electric current.
The critical current density is then
jc ∼ e
h¯
ξ2
d
〈
∂V
∂u
〉
steady state
∼ e
h¯
ξV0
dL
, (12)
in the weak pinning regime, while in the strong pinning
case L has to be substituted by 1. Similarly, one can
estimate the gap in the spin wave spectrum due to the
pinning:
h¯ωpin ∼ h¯γξ
2
d
〈
∂2V
∂u2
〉
∼ h¯γξ
2
d
V0L
L2ξ2
=
a3
dS
V0
L
. (13)
Estimates: For estimates we consider MnSi where Mn
ions form a (distorted) cubic sublattice with a = 2.9 A˚.
The length of the reciprocal lattice vectors of the SkX
∼ 0.035 A˚−1 corresponds to ξ ∼ 77 A˚ andD ∼ 0.1J . The
kinetic energy scales as h¯2/mξ2 < JH ∼ 1eV, so that the
adiabatic approximation is justified. The electron density
ne = 3.8 · 1022 cm−3[15] corresponds to x = nea3 ∼ 0.9
charge carriers per lattice site, while the residual resis-
tivity ρ ∼ 2µΩ · cm[15] gives an estimate of the impurity
concentration xi ∼ 5 ·10−3. From the magnon dispersion
in the spiral state[19], J ∼ 3 meV.
Using these parameters we get α′ ∼ 0.1, which shows
that the damping resulting from the electric currents gen-
erated by non-collinear spin textures can be the domi-
nant mechanism of spin relaxation in half-metals, where
4the Gilbert damping constant α is one-three orders of
magnitude smaller[20, 21]. We note, however, that since
the typical electron mean free path ξ ∼ 500 A˚ is larger
than the Skyrmion size ξ, the relation between the cur-
rent and internal electric field is nonlocal. The topo-
logical Hall angle, θH ∼ ehzτmc = 1αsfneξ2 σc at T = 0
and the change in θH induced by the sliding Skyrmion
crystal [see Eq.(6)] are also ∼ 0.1. For a 10nm thick
film the parameter L ∼ x ξ
√
2pidl
a2 ∼ 103, i.e. the pin-
ning of Skyrmions by charged impurities is exceedingly
weak and the corresponding values of the pinning fre-
quency h¯ωpin ∼ 5 · 10−11meV and the critical current
jc ∼ 0.2A · cm−2. This value is much lower than that
for domain walls[9] and smaller than the ultralow thresh-
old current jc ∼ 102A · cm−2 observed in bulk MnSi[10],
which may be attributed to other pinning mechanisms
and the different dimensionality of the system. This low
current density also justifies the adiabatic approximation
applied in this work.
Comparison with vortex dynamics: Finally, we com-
pare the dynamics of SkX with that of the vortex lines
(VL) in type II superconductors. A similar quadratic dis-
persion was obtained for VL [22]. However, in supercon-
ductors it results from long-ranged interactions between
vortices, while the interactions between Skyrmions are
short-ranged (if one ignores the relatively weak dipole-
dipole interactions). The absence of long-range interac-
tions in SkX ensures the stability of the quadratic disper-
sion. Furthermore, the kinetic terms in VL and SkX are
completely different. For VL ux and uy are two indepen-
dent variables, while for SkX the are conjugated variables
as in Eq.(3). Therefore VL are massive, while Skymions
are not. When a supercurrent flows through the type II
superconductor, the charged Cooper pairs are deflected
by the VL through the Lorentz force, which in turn gives
rise to the transverse motion of the VL. The VL dynamics
is usually assumed to be overdamped[23], the kinetic en-
ergy of VL is neglected, and the Lorentz force is assumed
to be counterbalanced by the friction force. In contrast,
the damping of Skyrmions is relatively weak. The spin
torque resulting from the strong Hund’s rule coupling re-
sults in a nearly longitudinal motion Skyrmion motion.
The Hall motion of VL results in a longitudinal voltage
drop, which is not important for SkX motion due to the
small Hall angle.
During the completion of this paper we became aware
of a recent paper by Kim and Onoda addressed the dy-
namics of Skyrmions in an itinerant double-exchange fer-
romagnet using a Chern-Simons-Maxwell approach[24].
Their focus, however, seems to differ from ours. We are
grateful for the insightful discussions with Prof. Yoshi-
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